Chaos for Cowen-Douglas operators by Hou, Bingzhe et al.
ar
X
iv
:0
90
3.
42
46
v1
  [
ma
th.
FA
]  
25
 M
ar 
20
09
CHAOS FOR COWEN-DOUGLAS OPERATORS
BINGZHE HOU, PUYU CUI, AND YANG CAO
Abstrat. In this artile, we provide a suient ondition whih gives De-
vaney haos and distributional haos for Cowen-Douglas operators. In fat,
we obtain a distributionally haoti riterion for bounded linear operators on
Banah spaes.
1. Introdution and preliminaries
A disrete dynamial system is simply a ontinuous mapping f : X → X where
X is a omplete separable metri spae. For x ∈ X , the orbit of x under f is
Orb(f, x) = {x, f(x), f2(x), . . .} where fn = f ◦ f ◦ · · · ◦ f is the nth iterate of f
obtained by omposing f with n times.
Reall that f is transitive if for any two non-empty open sets U, V in X , there
exists an integer n ≥ 1 suh that fn(U) ∩ V 6= φ. It is well known that, in
a omplete metri spae without isolated points, transitivity is equivalent to the
existene of dense orbit ([15℄). f is weakly mixing if (f × f,X ×X is transitive. f
is strongly mixing if for any two non-empty open sets U, V in X , there exists an
integerm ≥ 1 suh that fn(U)∩V 6= φ for every n ≥ m. f has sensitive dependene
on initial onditions (or simply f is sensitive)if there is a onstant δ > 0 suh that
for any x ∈ X and any neighborhood U of x, there exists a point y ∈ X suh that
d(fn(x), fn(y)) > δ, where d denotes the metri on X .
In 1975, Li and Yorke [9℄ observed ompliated dynamial behavior for the lass
of interval maps with period 3. This phenomena is urrently known under the
name of Li-Yorke haos. Therefrom, several kinds of haos were well studied. In
the present artile, we fous on Devaney haos and distributional haos.
Following Devaney [3℄,
Denition 1.1. Let (X, f) be a dynamial system. f is haoti if
(D1) f is transitive;
(D2) the periodi points for f are dense in X ; and
(D3) f has sensitive dependene on initial onditions.
It was shown by Banks et. al. ([1℄) that (D1) + (D2) implies (D3) for any
aperiodi system. Devaney haos is a stronger version haos than Li-Yorke haos,
whih is given by Huang and Ye [8℄ and Mai [12℄.
From Shweizer and Smítal's paper [14℄, distributional haos is dened in the
following way.
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For any pair {x, y} ⊂ X and any n ∈ N, dene distributional funtion Fnxy : R→
[0, 1]:
Fnxy(τ) =
1
n
#{0 ≤ i ≤ n : d(f i(x), f i(y)) < τ}.
Furthermore, dene
Fxy(τ) = lim inf
n→∞
Fnxy(τ),
F ∗xy(τ) = lim sup
n→∞
Fnxy(τ)
Both Fxy and F
∗
xy are nondereasing funtions and may be viewed as umulative
probability distributional funtions satisfying Fxy(τ) = F
∗
xy(τ) = 0 for τ < 0.
Denition 1.2. {x, y} ⊂ X is said to be a distributionally haoti pair, if
F ∗xy(τ) ≡ 1, ∀ τ > 0 and Fxy(ǫ) = 0, ∃ ǫ > 0.
Furthermore, f is alled distributionally haoti, if there exists an unountable
subset D ⊆ X suh that eah pair of two distint points is a distributionally haoti
pair. Moreover, D is alled a distributionally ǫ-srambled set.
Distributional haos always implies Li-Yorke haos, as it requires more ompli-
ated statistial dependene between orbits than the existene of points whih are
proximal but not asymptoti. The onverse impliation is not true in general. How-
ever in pratie, even in the simple ase of Li-Yorke haos, it might be quite diult
to prove haoti behavior from the very denition. Suh attempts have been made
in the ontext of linear operators (see [4, 5℄). Further results of [4℄ were extended
in [13℄ to distributional haos for the annihilation operator of a quantum harmoni
osillator. More about distributional haos, one an see [16, 17, 10, 11, 18℄.
Let H be a omplex separable Hilbert spae and L(H) denote the olletion of
bounded linear operators on H. We are interesting in a family of operators given
by Cowen and Douglas [2℄.
Denition 1.3. For Ω a onneted open subset of C and n a positive integer, let
Bn(Ω) denotes the operators T in L(H) whih satisfy:
(a) Ω ⊆ σ(T ) = {ω ∈ C : T − ω not invertible};
(b) ran(T − ω) = H for ω in Ω;
()
∨
kerω∈Ω(T − ω) = H; and
(d) dim ker(T − ω) = n for ω in Ω.
We have known some properties of these operators from [2℄.
Proposition 1.4. Let T ∈ Bn(Ω) and ω0 ∈ Ω. Then
∞∨
k=1
ker(T − ω0)
k = H.
Proposition 1.5. If Ω0 ⊆ Ω is a bounded onneted open subset of C, then
Bn(Ω) ⊆ Bn(Ω0).
In this paper, S is always used to denote the unit irle in C. In the next setion,
we provide a suient ondition Ω ∩ S 6= φ whih gives Devaney haos for Cowen-
Douglas operators. In the last setion, we obtain a distributionally haoti riterion
for bounded linear operators on Banah spaes. Applied by this distributionally
haoti riterion, Ω ∩ S 6= φ is also a suient ondition whih gives distributional
haos for Cowen-Douglas operators.
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2. Devaney haos for Cowen-Douglas operators
Proposition 2.1. Let T ∈ Bn(Ω). If Ω ∩ S 6= φ, then T is strongly mixing.
Proof. Suppose U and V be arbitrary open subsets in H. We have ǫ > 0 and open
subsets U ′ and V ′ suh that
B(u′, ǫ) ⊆ U and B(v′, ǫ) ⊆ V,
for any u′ ∈ U ′ and any v′ ∈ V ′. Sine Ω is a onneted open subset and Ω∩S 6= φ,
there are two bounded onneted open subsets Ω1 and Ω2 in Ω suh that
sup
α∈Ω1
|α| = λ < 1 and inf
β∈Ω2
|β| = ρ > 1.
By proposition 1.5, there exist two points x ∈ U ′ and y ∈ V ′ with the following
forms:
x =
t∑
i=1
xi and y =
l∑
j=1
yj ,
where xi ∈ ker(T − λi), λi ∈ Ω1 and yj ∈ ker(T − ρj), ρj ∈ Ω2.
Now let M = max{
t∑
i=1
‖xi‖,
l∑
j=1
‖yj‖}. Then there is a positive integer N suh
that for eah k ≥ N ,
λk < ǫ/M and ρ−k < ǫ/M.
Given any k ≥ N , let u(k) = x+
l∑
j=1
ρ−kj yj. Obviously,
‖u(k)− x‖ = ‖
l∑
j=1
ρ−kj yj‖ ≤
l∑
j=1
|ρ−kj | · ‖yj‖ ≤ ρ
−k
l∑
j=1
‖yj‖ < ǫ,
so u(k) ∈ U . On the other hand,
‖T ku(k)− y‖ = ‖
t∑
i=1
λki xi‖ ≤
t∑
i=1
|λki | · ‖xi‖ ≤ λ
k
t∑
i=1
‖xi‖ < ǫ,
that implies T ku(k) ∈ V . Hene T k(U) ∩ V 6= φ and onsequently T is strongly
mixing.

Proposition 2.2. Let T ∈ Bn(Ω). If Ω ∩ S 6= φ, then Per(T ) is dense in H.
Proof. Let ∆ = {e2piri : for all rational numbers r}. Then ∆ is dense in S, and
one an see that for eah δ ∈ ∆, there exists a positive integer m(δ) suh that δ is a
root of the equation zm(δ) = 1. Sine Ω is a onneted open subset and Ω∩ S 6= φ,
we have Ω ∩ ∆ 6= φ. Now let s ∈ Ω ∩ ∆. If x ∈ ker(T − s)k for any k, then
T km(s)(x) = x and hene
∞⋃
k=1
ker(T − s)k ⊆ Per(T ). Therefore, by proposition 1.4,
Per(T ) is dense in H. 
By Proposition 2.1 and 2.2, one an see the following result immediately.
Theorem 2.3. Let T ∈ Bn(Ω). If Ω ∩ S 6= φ, then T is Devaney haoti.
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Remark 2.4. Notie that Ω∩S 6= φ is not a neessary ondition for Devaney haos
for Cowen-Douglas operators. As well-known, the bakward shift operator T , with
the weight sequene {ωn =
n+1
n
}∞n=1, is a Devaney haoti Cowen-Douglas operator.
However, the largest onneted open domain Ω for T , whih admits T ∈ B1(Ω), is
the unit open disk and hene is disjoint with S.
3. Distributionally Chaoti Criterion and its appliation on
Cowen-Douglas operators
First of all, we'll give a new onept whih is very useful to prove an bounded
linear operator is distributional haoti.
Denition 3.1. Let X be a Banah spae and let T ∈ L(X). T is alled norm-
unimodal, if we have a onstant γ > 1 suh that for anym ∈ N, there exists xm ∈ X
satisfying
(NU1) lim
k→∞
‖T kxm‖ = 0,
(NU2) ‖T ixm‖ ≥ γ
i‖xm‖, i = 1, 2, . . . ,m.
Furthermore, suh γ is said to be a norm-unimodal onstant for the norm-
unimodal operator T .
Remark 3.2. If x is the point referred to in the above denition, then for any c ∈ C,
cx has the same properties as x beause of the linearity of T . Therefore, we an
selet a point with arbitrary non-zero norm satisfying the same onditions.
Theorem 3.3 (Distributionally Chaoti Criterion). Let X be a Banah spae and
let T ∈ L(X). If T is norm-unimodal, then T is distributionally haoti.
Proof. Let R = ‖T ‖ and let γ be a norm-unimodal onstant for T . Suppose {ǫk}
∞
k=1
be a sequene of positive numbers dereasing to zero. First of all, x N1 ∈ N (for
example, set N1 = 2). Then there is x1 suh that ‖x1‖ = 1 and
lim
k→∞
‖T kx1‖ = 0, and ‖T
ix1‖ ≥ γ
i‖x1‖, i = 1, . . . , N1.
So we an hoose M1 suh that ‖T
nx‖ < ǫ1 for any n ≥ M1. For onveniene, let
N ′1 = 0. Then ‖T
ix1‖ ≥ 1, i = N
′
1, . . . , N1.
Now we'll onstrut a sequene of points {xk}
∞
k=1 assoiated with three sequenes
of integers {Nk}
∞
k=1, {N
′
k}
∞
k=1and {Mk}
∞
k=1 suh that for every k ≥ 2
(I) ‖xk‖ = R
−Mk−1 · 2−k · ǫk−1 ;
(II) ‖T ixk‖ ≥ γ
i‖xk‖, i = 1, . . . , Nk;
(III) γN
′
k · R−Mk−1 · 2−k · ǫk−1 > 1;
(IV)
Nk−N
′
k
Nk
> k−1
k
;
(V)
k∑
j=1
‖T nxj‖ < ǫk, for any n ≥Mk.
Selet N ′2 ∈ N with γ
N ′2 ·R−M1 ·2−2 · ǫ1 > 1. Consequently, we have N2 ∈ N suh
that
N2−N
′
2
N2
> 2−12 =
1
2 . And then there is x2 suh that ‖x2‖ = R
−M1 · 2−2 · ǫ1 and
lim
k→∞
‖T kx2‖ = 0, and ‖T
ix2‖ ≥ γ
i‖x2‖, i = 1, . . . , N2.
So we an hoose M2 suh that ‖T
nx1‖+ ‖T
nx2‖ < ǫ2 for any n ≥M2.
Continue in this manner. If we have obtained {xk}
m
k=1, {Nk}
m
k=1, {N
′
k}
m
k=1 and
{Mk}
m
k=1 suh that for eah k = 2, . . . ,m
(1) ‖xk‖ = R
−Mk−1 · 2−k · ǫk−1 ;
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(2) ‖T ixk‖ ≥ γ
i‖xk‖, i = 1, . . . , Nk;
(3) γN
′
k · R−Mk−1 · 2−k · ǫk−1 > 1;
(4)
Nk−N
′
k
Nk
> k−1
k
;
(5)
k∑
j=1
‖T nxj‖ < ǫk, for any n ≥Mk;
Selet N ′m+1 ∈ N with γ
N ′m+1 ·R−Mm · 2−(m+1) · ǫm > 1. Consequently, we have
Nm+1 ∈ N suh that
Nm+1−N
′
m+1
Nm+1
> m+1−1
m+1 =
m
m+1 . And then there is xm+1 suh
that ‖xm+1‖ = R
−Mm · 2−(m+1) · ǫm and
lim
k→∞
‖T kxm+1‖ = 0, and ‖T
ixm+1‖ ≥ γ
i‖xm+1‖, i = 1, . . . , Nm+1.
So we an hoose Mm+1 suh that
m+1∑
j=1
‖T nxj‖ < ǫm+1 for any n ≥Mm+1.
Therefore, we obtain a sequene of points {xk}
∞
k=1 assoiated with three se-
quenes of integers {Nk}
∞
k=1, {N
′
k}
∞
k=1 and {Mk}
∞
k=1 satisfying onditions (I-V).
Moreover, onditions (I-III) imply following statement:
(VI)
∞∑
k=1
‖xk‖ is nite.
(VII) For eah p, ‖T ixk‖ < 2
−kǫk−1, for any k > p and any 1 ≤ i ≤Mp. Hene,
∞∑
k=p+1
‖T ixk‖ <
∞∑
k=p+1
2−kǫk−1 < ǫp, for any 1 ≤ i ≤Mp.
(VIII) For eah k, ‖T ixk‖ ≥ 1, i = N
′
k, . . . , Nk.
Notie Mk > Nk > N
′
k > Mk−1 for eah k by the manner of our onstrution.
Then we have
(V')
k−1∑
j=1
‖T nxj‖ < ǫk−1, for n = N
′
k, . . . , Nk.
(VII') For eah p,
∞∑
k=p+1
‖T nxk‖ < ǫp, n = N
′
p, . . . , Np.
Let Σ2 = {0, 1}
N
be a symboli spae with two symbols. Aording to ondition
(VI), we an dene a map f : Σ2 → X as follows,
f(ξ) =
∞∑
k=1
ξkxk,
for every element ξ = (ξ1, ξ2, . . .) ∈ Σ2.
Obviously one an get an unountable subset D ∈ Σ2 suh that for any two
distint ξ, ξ′ ∈ D, ξ and ξ′ have innite oordinates dierent and innite oordinates
equivalent. Then
d(f(ξ), f(ξ′)) = ‖f(ξ)− f(ξ)‖ = ‖
∞∑
k=1
(ξk − ξ
′
k)xk‖.
Set θ = (θ1, θ2, . . .) = (ξ1 − ξ
′
1, ξ2 − ξ
′
2, . . .). Then d(f(ξ), f(ξ
′)) = ‖
∞∑
k=1
θkxk‖.
Note that the possible values of ξk − ξ
′
k are only 0, -1 or 1, and θ has innite
oordinates being zero and innite oordinates being nonzero.
Now we'll prove that {f(ξ), f(ξ′)} is a distributionally haoti pair.
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Let z =
∞∑
k=1
θkxk. Suppose {kq}
∞
q=1 be the innite subsequene suh that the
kq − th oordinate of θ is nonzero(1 or -1) and {kr}
∞
r=1 be the innite subsequene
suh that the kr − th oordinate of θ is zero.
By (V'), (VII') and (VIII), for n = N ′kq , . . . , Nkq
‖T nz‖ ≥ ‖T n(θkqxkq )‖ −
kq−1∑
j=1
‖T nxj‖ −
∞∑
j=kq+1
‖T nxj‖ > 1− ǫkq−1 − ǫkq .
Sine {ǫk}
∞
k=1 derease to zero, then
Ff(ξ)f(ξ′)(
1
2
) = lim inf
n→∞
Fnf(ξ)f(ξ′)(
1
2
)
≤ lim inf
q→∞
F
Nkq
f(ξ)f(ξ′)(
1
2
)
≤ lim
q→∞
N ′kq
Nkq
≤ lim
q→∞
1
kq
= 0.
On the other hand, for n = N ′kr , . . . , Nkr
‖T nz‖ ≤ ‖T n(θkrxkr )‖ +
kr−1∑
j=1
‖T nxj‖+
∞∑
j=kr+1
‖T nxj‖ ≤ ǫkr−1 + ǫkr .
Sine {ǫk}
∞
k=1 derease to zero, then for any τ > 0
F ∗f(ξ)f(ξ′)(τ) = lim sup
n→∞
Fnf(ξ)f(ξ′)(τ)
≥ lim sup
r→∞
F
Nkr
f(ξ)f(ξ′)(τ)
≥ lim
r→∞
Nkr −N
′
kr
+ 1
Nkr
≥ lim
r→∞
kr − 1
kr
= 1.
Therefore, {f(ξ), f(ξ′)} is a distributionally haoti pair for any distint points
ξ, ξ′ ∈ D and hene f(D) is a distributionally ǫ-srambled set. This ends the proof.

In the present artile, it has been lled by this onlusion. In fat, we ould
extend it in some way. For instane, we have
Theorem 3.4 (Weakly Distributionally Chaoti Criterion). Let X be a Banah
spae and let T ∈ L(X). If for any sequene of positive numbers Cm inreasing to
+∞, there exist {xm}
∞
m=1 in X satisfying
(WNU1) lim
k→∞
‖T kxm‖ = 0.
(WNU2) There is a sequene of positive integers Nm inreasing to +∞, suh
that lim
m→∞
#{0≤i≤Nm;‖T
ixm‖≥Cm‖xm‖}
Nm
= 1.
Then T is distributionally haoti.
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The proof is similar to Theorem 3.3. Aording to Grosse-Erdmann's harater-
ization [7℄, it is not diult to see that Devaney haoti bakward shift operators
satisfy the onditions of Theorem 3.4. So one an get the following onlusion
immediately.
Corollary 3.5. If T is a Devaney haoti bakward shift operator, then T is dis-
tributionally haoti.
Remark 3.6. This result is ontained in a reent artile [6℄, in whih F. Martínez-
Giménez, P. Oproha and A. Peris, onsidered distributional haos for shift opera-
tors.
Applying this Distributionally Chaoti Criterion 3.3, we'll provide a suient
ondition whih gives distributional haots for Cowen-Douglas operators.
Theorem 3.7. Let T ∈ Bn(Ω). If Ω ∩ S 6= φ, then T is norm-unimodal. Conse-
quently, T is distributionally haoti.
Proof. Sine Ω is a onneted open subset and Ω ∩ S 6= φ, there exists β ∈ Ω with
|β| > 1. Furthermore, we an selet a nontrivial y ∈ ker(T − β). Let 1 < γ < |β|
be a onstant. Given any m ∈ N, set ǫ < ‖y‖2 ·min{1,
|β|i−γi
|β|i+1 , 1 ≤ i ≤ m}. Then
U =
m⋂
i=0
T−i(B(T iy, ǫ)) is an open neighborhood of y. Then for any z ∈ U ,
‖T iz‖ ≥ ‖T iy‖ − ǫ = |β|i‖y‖ − ǫ ≥ |β|i‖z‖ − (|β|i + 1)ǫ ≥ γi‖z‖, i = 1, . . . ,m
By hypothesis, one an obtain a bounded onneted open subset Ω1 suh that
sup
α∈Ω1
|α| = λ < 1.
By proposition 1.5, there exists a point x ∈ U satisfying
x =
t∑
j=1
xj ,
where xj ∈ ker(T − λj), λj ∈ Ω1, j = 1, . . . , t. Then this x is the point we hope to
get. One hand,
lim
k→∞
‖T kx‖ = lim
k→∞
‖
t∑
j=1
λkjxj‖ ≤ lim
k→∞
t∑
j=1
|λkj | · ‖xj‖ ≤ (
t∑
j=1
‖xj‖) lim
k→∞
λk = 0.
On the other hand, aording to the previous statement and x ∈ U , we have
‖T ix‖ ≥ γi‖x‖, i = 1, 2, . . . ,m.
Therefore T is norm-unimodal and hene T is distributionally haoti by Theorem
3.3. 
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